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inclusive Deep Inelastic Scattering & evolution 
equations
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Picture:
•DGLAP drives structure 
function from smaller to 
larger Q2  

Reality:
• model  pdf at initial Q2  
• evolve to higher Q2  
• fit initial conditions until  
agreement with data

Can we do better?
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an old idea: physical DGLAP evolution
physical evolution equations

idea: don’t care about pdfs

evolve observable itself
[Furmanski, Petronzio, ZP C 11, 293(1982)], [Catani,

ZP C 75, 665 (1997)], [Blümlein, Ravindran, van

Neerven, NPB 586, 349 (2000)]

“Q2
d

dQ

2 F (x,Q2) = K ⌦ F (x,Q2)”

observable itself!

evolution kernels K

physical

no factorization scheme ambiguity;
only renormalization scale

equivalent to [Catani, ZP C 75, 665 (1997)]

R =
�(e+e

� ! hadrons)

�(e+e

� ! µ

+
µ

�)
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from pdf to physical evolution

Physical evolution: write DGLAP equation not in 
terms of pdfs but observables e.g. structure 
functions

✴ Need for every active pdf an observable

✴ 3 active flavors → 7 observables (more accurate: 

each flavor  combination ⩰ an observable)
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Reminder: Decoupling of DGLAP through flavor 
decomposition

DGLAP evolution is matrix valued 
equation →	 different quark and 
gluon pdfs mix

from pdfs to observables

make use of two renormalization group equations

d

d lnµ

2
a

s

(µ2) = �(a
s

) = �a

2
s

�0 � a

3
s

b1 + ... running coupling a

s

⌘ ↵

s

4⇡

d

d lnµ

2
f

k

(x, µ2) =
X

l=q,g

P

kl

⌦ f

l

(x, µ2) DGLAP – matrix valued

need to invert matrix valued DGLAP Eqs.

# observables ⌘ # active flavors + gluon

at small x:

seaquark
' singlet

� valence quarks
' non-singlets

flavor singlet ⌃ =
P

f

�
q

f

+ q̄

f

�

DGLAP evolution in terms of (⌃, g) alone
(7 dim. ! 2 dim.)
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where m0 depends on the first non-vanishing order in as

in the expansion for the observable under consideration,
e.g., m0 = 0 for F2 and m0 = 1 for FL.

Each PDF fk(n, µ2
/Q

2
0) obeys the DGLAP evolution

equation which reads

d

d lnµ2
fk

✓
n,

µ

2

Q

2
0

◆
=

X

l=q,q̄,g

Pkl

�
n,↵s(µ

2)
�
fl

✓
n,

µ

2

Q

2
0

◆

(5)
where the l ! k splitting functions have a similar expan-
sion [9–11] as the coe�cient functions in Eq. (4):

Pkl(n,↵s(µ
2)) =

X

m=0

as(µ
2)1+m

P

(m)
kl (n) . (6)

The Pkl(n) relate to the corresponding anomalous dimen-
sions through �kl(n) = �2Pkl(n) in the normalization
conventions we adopt, where we use the leading order
(LO) and NLO expressions for �kl(n) given in App. B
of the first reference in [10]. We note that the same
normalization is used in the publicly available Pegasus
evolution code [20]. In practice one distinguishes a 2⇥ 2
matrix-valued DGLAP equation evolving the flavor sin-
glet vector comprising ⌃(n, µ2

/Q

2
0) and g(n, µ2

/Q

2
0)

⌃ =

nfX

f=1

(qf + q̄f ) (7)

and a set of nf � 1 RGEs for the relevant non-singlet
quark flavor combinations.

The scale-dependent strong coupling itself obeys an-
other RGE governed by the QCD beta function

das(µ)

d lnµ2
= �(as) = �

X

m

a

m+2
s �m (8)

with �0 = 11 � 2nf/3 and �1 = 102 � 38nf/3 up to
NLO accuracy. To compare below with the results for
the physical anomalous dimensions in Ref. [13] we also
introduce the evolution variable

t ⌘ � 2

�0
ln

✓
as(Q2)

as(Q2
0)

◆
. (9)

Instead of studying FI(n,Q2) in (3) in terms of scale-
dependent PDFs, which are obtained from solving the
singlet and non-singlet DGLAP equations (5) in a fit to
data [1], one can also derive evolution equations directly
in terms of the observables FI(n,Q2). To this end, we
consider a pair of DIS observables FA and FB , to be
specified below, whose scale dependence is governed by a
coupled matrix-valued equation

d

d lnQ2
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F

(S)
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(10)

for the flavor singlet (S) parts of FA,B and a set of non-
singlet (NS) equations

dF

(NS)
A,B (n,Q2)

d lnQ2
= K

(NS)(n, as(Q
2)) ·F (NS)

A,B (n,Q2) (11)

for the remainders.

The required physical anomalous dimensions in
Eqs. (10) and (11), obey a similar perturbative expansion
in as as in (6). The singlet kernels in (10) are constructed
by substituting

 
F
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2
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/Q

2
0)

◆

(12)

into the left-hand side of Eq. (10) and taking the deriva-
tives. Note that we have normalized the quark singlet
part of FA,B with the same averaged charge factor ē

2
f

which appears in the gluonic sector. Upon making use of
the RGEs for PDFs and the strong coupling in Eq. (5)
and (8), respectively, one arrives at

Kij(n,↵s(Q
2)) =

✓
�(as(Q

2))
@C(n,↵s(Q2), 1)

@as(Q2)
+ C(n,↵s(Q

2), 1) · P (n, as(Q
2))

◆
· C�1(n,↵s(Q

2), 1) ,

�

ij

(13)

where we have introduced 2⇥ 2 matrices

C =

✓
CA,q CA,g

CB,q CB,g

◆
, P =

✓
Pqq 2nfPqg

Pgq Pgg

◆
. (14)

for the relevant singlet coe�cient and splitting functions,
respectively. An analogous, albeit much simpler expres-

sion holds for the NS kernel K(NS) in (11). As has been
demonstrated in [13], the kernels (13) are independent of
the chosen factorization scheme and scale but do depend
on µr and the details of the renormalization procedure.
We also note that the inverse C

�1 in (13), appearing
upon re-expressing all PDFs by FA,B , can be straightfor-

Decomposition into 
quark singlet & 

various flavor non-
singlets

with L ≡ ln(µ2/µ2
r). If L is a fixed number, then also in Eq. (2.8) the coefficients of ak

s (µ
2
r)

depend only on x, and the algorithms described below are applicable. In other words, the
program is not designed to deal with choices like µ2

r = M2 + µ2 where M is some mass
scale. Note, however, that no such restriction is in place between physical scales and µ.

The order m in Eq. (2.7) (denoted by NPORD) and the ratio µ2/µ2
r (denoted by FR2) are

initialization parameters of the evolution package. The values m = 0, 1 and 2 are available
at present for the standard MS factorization scheme. An extension to m = 3 — based
on future partial results or even Padé estimates for P (3)

ij — may be useful for uncertainty
estimates in special cases, e.g., in determinations of as from structure functions [15].

2.3 The flavour decomposition

It is convenient to decompose the system (2.6) as far as possible from charge conjuga-
tion and flavour symmetry constraints alone. The gluon-quark and quark-gluon splitting
functions are flavour independent

Pgq ≡ Pgqi
= Pgq̄i

, Pqg ≡ nf Pqig = nf Pq̄ig . (2.9)

Any difference qi−qj and qi−q̄j of quark and (anti-)quark distributions therefore decouples
from the gluon density g. Hence the combination maximally coupling to g is the flavour-
singlet quark distribution

qs =

nf∑

r=1

(qr + q̄r) (2.10)

evolving according to

d

d lnµ2

(
qs

g

)

=

(
Pqq Pqg

Pgq Pgg

)

⊗

(
qs

g

)

. (2.11)

The singlet quark-quark splitting function Pqq is specified in Eq. (2.15) below.

In order decouple the non-singlet (difference) combinations, we make use of the general
structure of the (anti-)quark (anti-)quark splitting functions,

Pqiqk
= Pq̄iq̄k

= δikP
v

qq + P s
qq

Pqiq̄k
= Pq̄iqk

= δikP
v

qq̄ + P s
qq̄ . (2.12)

In general (beyond NLO), Eq. (2.12) leads to three independently evolving types of non-
singlet combinations. The flavour asymmetries q±

ns and the total valence distribution qv
ns,

q±
ns,ik = qi ± q̄i − (qk ± q̄k) , qv

ns =

nf∑

r=1

(qr − q̄r) , (2.13)

respectively evolve with

P ±
ns = P v

qq ± P v
qq̄ ,

P v
ns = P v

qq − P v
qq̄ + nf(P

s
qq − P s

qq̄) ≡ P −
ns + P s

ns . (2.14)

5

Decoupled evolution for non-
singlets & 2-dim evolution for 

flavor singlet vector (Σ, g)

On the Practical Application of Physical Anomalous Dimensions

Martin Hentschinski⇤ and Marco Stratmann†

Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA

We revive the idea of using physical anomalous dimensions in the QCD scale evolution of deep-
inelastic structure functions and their scaling violations and present a detailed phenomenological
study of its applicability. Di↵erences with results obtained in the conventional framework of scale-
dependent quark and gluon densities are discussed and traced back to the truncation of the pertur-
bative series at a given order in the strong coupling.

PACS numbers: 12.38.Bx,12.38.-t,13.60.Hb

d

d lnµ2

✓
⌃
g

◆
=

✓
Pqq Pqg

Pgq Pgg

◆
⌦
✓
⌃
g

◆
(1)

I. INTRODUCTION AND MOTIVATION

Measurements of deep-inelastic scattering (DIS) cross
sections are routinely analyzed in terms of scale-
dependent quark and gluon distribution functions
fi(x,Q2), i = q, q̄, g in global QCD fits [1]. In particular,
the very accurate DIS data from the DESY-HERA ex-
periments [2] provide the backbone of such type of QCD
analyses, also thanks to their vast coverage in the relevant
kinematic variables x and Q

2, denoting the momentum
fraction carried by the struck parton and the resolution
scale set by the momentum transfer squared, respectively.

The conventional theoretical framework for DIS is
based on the factorization theorem [3], which allows
one to organize the computation of DIS structure func-
tions F2,L(x,Q2) as a convolution of perturbatively cal-
culable Wilson coe�cients [4–7] and parton distribu-
tion functions (PDFs) capturing the long-distance, non-
perturbative physics [8]. Similar ideas are successfully
applied to more complicated hard-scattering processes
studied at hadron-hadron colliders, which provide fur-
ther, invaluable constraints on PDFs in global QCD anal-
yses [1].

To make the separation between long- and short-
distance physics manifest, one needs to introduce some
arbitrary factorization scale µf , apart from the scale µr

appearing in the renormalization of the strong coupling
↵s. The independence of physical observables such as
F2,L on µf can be used to derive powerful renormaliza-
tion group equations (RGEs) governing the scale depen-
dence of PDFs in each order of perturbation theory. The
corresponding kernels are the anomalous dimensions or
splitting functions associated with collinear two-parton
configurations [9–11]. Since factorization can be carried
out in infinitely many di↵erent ways, one is left with an

⇤Electronic address: hentsch@bnl.gov
†Electronic address: marco@bnl.gov

additional choice of the factorization scheme for which
one usually adopts the MS prescription. Likewise, the
RGE governing the running of ↵s with µr can be de-
duced from taking the derivative of F2,L with respect to
µr. Upon properly combining PDFs and Wilson coef-
ficients in the same factorization scheme, any residual
dependence on µf is suppressed by an additional power
of ↵s, i.e., is formally one order higher in the perturbative
expansion but not necessarily numerically small.

Alternatively, it is possible to formulate QCD scale
evolution equations directly for physical observables
without resorting to auxiliary, convention-dependent
quantities such as PDFs. This circumvents the intro-
duction of a factorization scheme and µf and, hence, any
dependence of the results on their actual choice. The
concept of physical anomalous dimensions is not at all
a new idea and has been proposed quite some time ago
[4, 12, 13] but its practical aspects have never been stud-
ied in detail. The framework is suited best for theoretical
analyses based on DIS data with the scale µr in the strong
coupling being the only theoretical ambiguity. In addi-
tion, F2,L or their scaling violations can be parametrized
much more economically than a full set of quark and
gluon PDFs, which greatly simplifies any fitting proce-
dure and phenomenological analysis. The determination
of ↵s from fits to DIS structure functions is the most
obvious application, as theoretical scheme and scale un-
certainties are reduced to a minimum. We note that,
physical anomalous dimension were used, however, also
as a calculational tool to study, e.g., all-order aspects of
the perturbative series for splitting and coe�cient func-
tions in the limit of large momentum fractions x [14].

Recently, the interest in DIS has been revived in a se-
ries of detailed studies of a physics case for a future high-
luminosity electron-ion collider, such as the proposed
EIC [15] and LHeC [16] projects. One of the driving
physics goals is a detailed mapping of the transition into
a non-linear kinematic regime dominated by high, or sat-
urated, gluon densities by measuring, for instance, F2,L

and their scaling violations very precisely at small x both
in electron-proton and in electron-heavy ion collisions.
A signature for the onset of saturation e↵ects would be
the observation of deviations from the linear, Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) type of QCD
scale evolution, which, again, could be studied best by
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Our study: the flavor singlet of structure 
functions

✤ (Σ, g) → flavor singlet of 2 structure functions 
 e.g. (F2S, FLS) or (F2S, FDS)

✤ In general: additional measurements (neutron 
structure functions, F3, etc.) to subtract non-
singlets

✤ at small x: to good accuracy ⩰ full structure 
functions

Thursday, July 17, 14



Relation pdf ⇔ observable through coefficientsA possible sets of observables

next generation Electron Ion
Colliders: (F2, FL) with high
precision;

use to substitute doublet (⌃, g)

✓
F2

FL

◆
=

✓
C2qC2g

CLqCLg

◆

| {z }
coe↵. matrix C

⌦
✓
⌃

g

◆

theory: both structure functions large at small x

experiment: FL from the y�slope of the reduced �

⇤
p�X-sec. need

measurement at di↵erent ep center of mass energies
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Alternative: scaling violations

instead of FL, can also measure
scaling violations

FD = � �0

2�(as(Q2))

dF2

d lnQ2
;

use doublet (F2, FD) to
substitute (⌃, g)

✓
F2

FD

◆
=

✓
C2qC2g

CDqCDg

◆

| {z }
coe↵. matrix C

⌦
✓
⌃

g

◆

experiment: need to be careful with binning to avoid correlation in data
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Realization:  Work in conjugate Mellin spaceAnalysis in Mellin space

In moment space, a(N) =

Z 1

0
dx x

N�1
a(x), convolutions turn into products

F (x) =

ZZ 1

0
dz1dz2 C(z1)f(z2)�(z1z2 � x) , F (N) = C(N) · f(N)

Im N

Re Nc

φ

C
0

C
1

×××××

turns analysis into linear algebra

inverse Mellin transform: numerically

a(x) =

c+i1Z

c�i1

dN

2⇡i
x

�N

a(N)
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Physical evolution kernels - master formula
Physical evolution kernels – master formula

For a suitable doublet of observables determine (with a

s

= ↵s
4⇡ ):

dlnQ

2
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◆
= dlnQ

2


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✓
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�
·
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◆
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
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dC
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s

+ C · P
�
C

�1
✓
F

A

F

B

◆
⌘ K ·

✓
F

A

F

B

◆

master formula

K =


�

dC

da

s

+ C · P
�
C

�1 = a

s

K

(0) + a

2
s

K

(1) + a

3
s

K

(2) + ...

kernel K independent of factorization scheme & scale order by order in
perturbation theory
[Blümlein, Ravindran, van Neerven, NPB 586, 349 (2000)]

finite order: dependence on renormalization scale & scheme remains use for
↵

s

determination
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Some technical details .... 

• final result independent of this choice

• kernels  K(0), K(1),  K(2) etc.  from master formula in terms of 
coefficients and DGLAP splitting functions

• LO: physical evolution agrees with pdf evolution

• so far: work with fixed number of massless flavors

Physical anomalous dimensions for the doublet (F2, F
L

)

leading order coe�cents of F
L

vanish need to use rescaled version

F̃

L

=
F

L

a

s

C

(1)
Lq

or F̃

L

=
F

L

a

s

C

(1)
Lg

possible as C

(1)
Lq,g

scheme independent

LO kernels (quark convention)

K(0)
22 = P (0)

qq �
C(1)

Lq P (0)
qg

C(1)
Lg

K(0)
2L =

C(1)
Lq P (0)

qg

C(1)
Lg

K(0)
L2 =

C(1)
Lg P (0)

gq

C(1)
Lq

�
C(1)

Lq P (0)
qg

C(1)
Lg

� P (0)
gg + P (0)

qq K(0)
LL =

C(1)
Lq P (0)

qg

C(1)
Lg

+ P (0)
gg

LO kernels (gluon convention)
non-diagonal terms di↵er see e.g.
[Blümlein, Ravindran, van Neerven, NPB 586, 349 (2000)]
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Numerical implementation
Numerical implementation

initial condition: to test framework

toy input at Q2
0 = 2GeV2,

(Pegasus [A. Vogt, CPC 170, 65 (2005)] default intial parton distributions)

fix n

f

= 3 and ↵

s

(Q2
0) = 0.35

xuv(x,Q
2
0) = 5.10722x0.8(1 � x)3

xdv(x,Q
2
0) = 3.064320x0.8(1 � x)4

xg(x,Q2
0) = 1.70000x�0.1(1 � x)5

xd̄(x,Q2
0) = 0.1939875x�0.1(1 � x)6

xū(x,Q2
0) = (1 � x)xd̄(x,Q2

0)

xs(x,Q2
0) = xs̄(x,Q2

0) = 0.2(ū + d̄)(x,Q2
0)

structure functions at input scale from pdfs

F

I

(x,Q2
0) =

X

k

C

I,k

(Q2
0) · fk(x,Q2

0)
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results for (F2, FL) and (F2, FD) up to NLOresults for (F2, F
L

) and (F2, F
D

)
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ratios phys. anom. dim. / conventional pdfs

• in some regions, large differences at NLO → large higher order 
spurious terms

• toy model: can be systematical excluded → exact agreement 
(higher order zero solution, original [Glück, Grassie, Reya, PRD 30, 1447 (1984)], 

[Glück, Reya, Vogt, PRD 46, (1992)])

more interesting relative deviations – pdfs versus physical evolution
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ratios NLO/LO phys. anom. dim. evolution

• particularly large in the small x region

• convergence of the perturbative series?

physical evolution: convergence of higher order corrections
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Physical evolution at Next-to-Next-to-Leading Order

10 15 20 25 30
N

-30

-25

-20

-15

-10

-5
K22HNL at aS=0.2

  differences to pdf first time at NLO ➡ NLO effective LO

 NLO corrections large - convergence of the perturbative series?

 want to please referee .....

literature: 
• 3-loop splitting functions for F2 [Moch, Vermaseren, Vogt, NPB 688 (2004), NPB 691 (2004)]

• 2-loop coefficent for F2 [van Neerven, Vogt, NPB 568 (2000); NPB 588 (2000)]

• 3-loop coefficent for FL [Moch, Vermaseren, Vogt, Phys.Lett. B606 (2005) 123-129]

results very lengthy: use x-space parametrization & transform to  
moment (N)-space using Mathematica +  cross checked with Pegasus 

as for NLO: pdf & pad agree for toy model, if spurious higher order 
terms are excluded
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NNLO results - (F2, FL) 
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K-factors for (F2, FL) 
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still a large 
correction, 

particular for FL,
but signs of 
convergence
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NNLO results - (F2, FD) 
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K-factors for (F2, FD)
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NNLO still a 
large 

correction at 
small x,

but signs of 
convergence
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First applications to phenomenology

Two possible approaches:

• “physical’’ fit of available data (similar to pdfs) 
 ➡  αs(M2) determination from inclusive DIS

• evolve structure functions from initial scale Q02 = 1-2 GeV2 & 
compare with data ➡ detect possible deviations from DGLAP

in general:  many independent observables to invert pdfs

dominance of gluon at small x: 
flavor singlet good approximation to full structure functions
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Search for signals of saturation in 
inclusive DIS

idea:

• use saturation models/evolution with initial 
conditions fitted to HERA data & calculate (F2,FL) at 
initial scale Q2 = 2 GeV2

• evolve with physical anomalous dimensions &  
compare to saturation prediction at higher Q2

• deviation: sign for saturation if confirmed by data ... 

• caveat: DGALP massless, sat. fits massive charm etc.
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Simulate saturation: dipole models

Text

2

simply in saturation models1.

A disadvantage of this model is that it does not have the same grounding in fundamental theory as possessed
by the rcBK and JIMWLK frameworks. In the latter, the basis for QCD evolution is the BFKL equation,
and higher order computations can be performed systematically in the CGC. The IP-Sat model attempts to
approach the saturation boundary via DGLAP evolution; the eikonalization of the gluon distribution represents
higher twist contributions that are becoming important at small x. However, computations including higher
twist evolution are difficult to perform and enormously complicated; indeed, this difficulty was what motivated
the CGC effective field theory approach in the first place.

With these comments and the stated caveats, we will explore here how well the IP-Sat model fares with the
latest combined data and attempt a detailed analysis of this data. The spirit of this computation is similar
to the extraction of parton distributions in the collinear factorization approach. However, in contrast to the
collinear factorization approach, the number of free parameters in the dipole approach is considerably less2; in
the IP-Sat model we have only 4 free parameters that are varied. Recently, the H1 and ZEUS collaborations
have released new combined data for inclusive DIS [16, 17] with unprecedentedly high precision. Because of the
extremely small error bars of the new combined data set, it is vital to reconfront the IP-Sat dipole model with
these data to examine the effects of the tighter constraints on model parameters. Another advantage of the
combined datasets is that the data are for the first time given in terms of the reduced cross-section σr, which
is unbiased towards any theoretical assumption in extracting the structure functions F2 and FL.

The main purpose of this paper is to reexamine the IP-Sat model in view of recent precise data from HERA
and to obtain its free parameters from a fit. An important application of our results will be to make predictions
for nuclei, in particular for a future Electron-Ion Collider (EIC) [18–20]. Another is to apply the improved
results for the dipole amplitude to make comparisons to data in proton-proton [21], proton-nucleus [22] and
nucleus-nucleus collisions [23]. We aim the paper to be self-contained. In sections II and III, we provide a
concise review of the formalism for calculating the total DIS cross-section, structure functions and exclusive
diffractive processes in the color dipole approach. In section IV, we introduce the IP-Sat dipole model. In
section V, we present our detailed numerical analysis, and the main results; these are then confronted with
HERA data. Section VI contains a summary of the key results of this work.

II. TOTAL DIS CROSS-SECTION AND STRUCTURE FUNCTIONS

In the dipole picture, the scattering of the virtual photon γ! on the proton at small x has a distinct chronology
in light front time. First, the γ! fluctuates into a quark-antiquark pair (the so-called qq̄ dipole) of flavor f .
It then interacts with the proton via gluon exchanges and emissions; finally the qq̄ pair recombines to form
the final-state virtual photon. Because the lifetime of this qq̄ dipole at small x is much longer than its typical
interaction time with target, the total deeply inelastic cross-section for a given x and Q2 can be written in the
factorized form [24, 25],

σγ∗p
L,T (Q

2, x) = 2
∑

f

∫ ∫

d2b d2r

∫ 1

0
dz |Ψ(f)

L,T (r, z;Q
2)|2 N (x, r, b) , (1)

where N (x, r, b) is the imaginary part of forward qq̄ dipole-proton scattering amplitude with transverse dipole

size r and impact parameter b (see section IV). The light cone wavefunction Ψ(f)
L,T for γ! fluctuations into qq̄ is

1 Note that in this paper we only focus on the IP-Sat model and we do not consider the b-CGC model [12] which is an alternative
impact-parameter dependent saturation model that has been applied to many reactions including diffractive processes [9, 12],
proton-proton [13], proton-nucleus [14], and nucleus-nucleus collisions [15].

2 In fairness it must be noted that the collinear approaches attempt to describe nearly all available data. Here we consider only
data for x ≤ 10−2.

general problem:

• saturation models, (rc)BK at   x < 10-2  → DGLAP/
PAD need full x -range for initial conditions

• solution: extrapolate color dipole models into 
large x region (can be problematic ....)

•rcBK: also possible, but more cumbersome
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IP-sat model

• GBW dipole model [ J. Golec-Biernat & Wusthoff, Phys.Rev. D59 (1998) 014017]  
with DGLAP evolution [J. Bartels, K. J. Golec-Biernat and H. Kowalski, Phys. Rev. 

D66, 014001 (2002)] (with impact parameter dependence: IP sat: [H. Kowalski and D. 

Teaney, Phys. Rev. D68, 114005 (2003)] )

• recent fit to combined HERA data [A. H. Rezaeian, M. Siddikov, M. Van 
de Klundert and R. Venugopalan, Phys. Rev. D 87, no. 3, 034002 (2013)]

Text

5

the phase factors exp (−ib ·∆) and exp (i(1− z)r ·∆) effectively takes into account the size of vector mesons
in impact-parameter and dipole transverse-size space, respectively. Even with these significant improvements,
there is considerable room for further improvement in the study of off-forward gluon distributions at small x,
especially in the region where higher twist effects are important.

IV. IMPACT-PARAMETER DEPENDENT SATURATION DIPOLE MODEL: IP-SAT MODEL

The common ingredient of the cross-sections in DIS, exclusive diffractive vector meson production and DVCS
is the universal qq̄ dipole-target amplitude. As seen in Eqs. (6,7), the impact-parameter dependence of the
dipole amplitude is crucial for describing exclusive diffractive processes. For the total cross-section, the effect
of the impact-parameter dependence of the dipole amplitude is not especially important and the b-dependence
can be effectively incorporated by treating it as a step function and adjusting the overall normalization. In this
way, one can still find a good fit for the structure functions and total DIS cross-section. However, a consequence
of a trivial b-dependence leads to a pronounced dip in the t-distribution of vector meson production at large |t|.
This is not observed in data and can therefore be ruled out [9]. The choice of the impact-parameter profile of
the dipole amplitude entails non-perturbative effects coming into play that are beyond the perturbative non-
linear BK or JIMWLK equation. Both of these small x evolution equations generate a power law Coulomb tail,
which is not confining at large distances [30–32]. A simple b-dependence for the dipole amplitude is obtained
by combining the Glauber-Mueller form [8, 9, 25] of the amplitude

N (x, r, b) =

(

1− exp

(

−π
2r2

2Nc
αs

(

µ2
)

xg
(

x, µ2
)

TG(b)

))

, (14)

with a Gaussian impact parameter profile

TG(b) =
1

2πBG
exp

(

−b2/2BG

)

, (15)

where BG is a dimensionful scale which, in some models, corresponds to the spatial string tension in QCD. In
Eq. (14), xg

(

x, µ2
0

)

is the gluon density evolved up to the scale µ with LO DGLAP gluon evolution (neglecting
its coupling to quarks). Note that in the original IP-Sat fit, the number of flavors was taken to be 3 [8, 9].
However, since the parameter BG will be fixed with experimental data for exclusive J/Ψ production and because
we also want to describe the charm structure function, we take Nf = 4. We then take the corresponding one
loop running-coupling value of αs with ΛQCD = 0.156 GeV fixed by the experimentally measured value of αs

at the Z0 mass. The contribution from bottom quarks is neglected. As in the original IP-Sat model, the scale
µ2 is related to the dipole transverse size by

µ2 = C/r2 + µ2
0, (16)

and the initial gluon distribution at the scale µ2
0 is taken to be

xg
(

x, µ2
0

)

= Ag x
−λg (1− x)5.6. (17)

Following Refs. [8, 9], the parameter C is set fixed4 to C = 4. Thus the parameters Ag,λg, µ2
0 and BG are the

only free parameters of our model which will be fixed by a fit to the reduced cross-section. At large values
of M2

V + Q2, we are in the color transparency regime and the main contribution to Eq. (6) comes from small
dipole sizes. Therefore the t-distribution at small dipole sizes can be approximately determined by the Fourier
transform of TG(b),

dσγ∗p→Ep
T,L

dt
≈ e−BG|t|, (18)

which is fully supported by the experimental data (see Sec. V). We will extract the values of BG from the
t-distribution of exclusive vector meson and DVCS data.

4 The parameter C is correlated with other parameters of the model and its value cannot be uniquely determined via a fit.
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(b)CGC-dipole model [Iancu, Itakura,Munier, PLB 590 (2004)]

• interpolates between asymptotic solution to BK equation & 
BFKL solution for small dipoles close to saturation line

• b-dependence [Watt, Kowalski, PRD 78  (2008)], [Kowalski, Motyka, Watt, PRD 74 (2006)]

• recent fit to combined HERA data [Rezaeian, Schmidt, PRD 88 (2013)]

3

deep inelastic cross-section can be factorized in the following form [35, 36],

σγ∗p
L,T (Q

2, x) = 2
∑

f

∫

d2r

∫

d2b

∫ 1

0
dz |Ψ(f)

L,T (r, z,mf ;Q
2)|2 N (x, r, b) , (3)

where z is the fraction of the light-front momentum of the virtual photon carried by the quark, and mf is the
quark mass. In Eq. (3), N (x, r, b) is the imaginary part of the forward qq̄ dipole-proton scattering amplitude
with dipole transverse-size r and collision impact parameter b. The first part of the process, γ" splitting to
qq̄ dipole, can be mainly described by QED while the later stage encoded in the dipole amplitude N (x, r, b)
requires physics beyond the standard perturbative QCD, and incorporates higher order gluon emissions and also
the impact-parameter dependence of the collision (see below). The explicit form of light front wave function

Ψ(f)
L,T , for γ

" fluctuations into qq̄ at the lowest order in αEM , can be found in Ref. [37].

For the light quarks, the gluon density is evaluated at x = xBj (Bjorken-x), while for charm quarks we take
x = xBj (1 + 4m2

c/Q
2) [37]. The contribution of the charm quark in the flavor summation of wave functions in

Eq. (3), directly gives the charm structure function F cc̄
2 via Eq. (1).

The reduced cross-section σr is expressed in terms of the inclusive proton structure functions F2 in Eq. (1)
and FL in Eq. (2),

σr
(

Q2, x, y
)

= F2

(

Q2, x
)

− y2

1 + (1− y)2
FL

(

Q2, x
)

,

where y = Q2/(sx) is the inelasticity variable and
√
s denotes the center of mass energy in ep collisions1.

The advantage of the reduced cross-section σr is that it is unbiased towards any theoretical assumption in the
extraction of the structure functions F2 and FL.

B. Impact-parameter dependent color glass condensate dipole model

The common ingredient of the total (and reduced) cross-sections, proton structure functions in DIS, exclusive
diffractive vector meson production and DVCS, is the universal qq̄ dipole-proton forward amplitude. As we will
show in the following sections, the impact-parameter dependence of the dipole amplitude is crucial for describing
exclusive diffractive processes. However, the general practice is that for the total cross-section in DIS as well
as proton structure functions, the effect of the impact-parameter dependence of the dipole amplitude is ignored
and it is effectively incorporated by treating it as an overall normalization. In this way, one can still find a good
fit for the structure functions and total DIS cross-section. However, such a trivial b-dependence leads in general
to a pronounced precocious dip in the t-distribution of vector meson production at rather low or moderate |t|,
which is not supported by the available experimental data from HERA [14, 16].

Iancu, Itakura and Munier [15] proposed a simple dipole model, constructed by smoothly interpolating be-
tween two limiting behaviors which are analytically under control, namely the solution to the BFKL equation
in the vicinity of the saturation line for small dipole sizes, r << 1/Qs, and the Levin-Tuchin solution [38] of
the BK equation deep inside the saturation region for larger dipoles, r >> 1/Qs (see also Refs. [39–42]). This
model is historically called CGC dipole model. Notice that it was recently numerically shown that the JIMWLK
equation indeed leads, to high accuracy, to the Levin-Tuchin formula for the S-matrix close to the unitarity
limit [42]. In the CGC dipole model, the color dipole-proton amplitude is given by,

N (x, r, b) =











N0

(

rQs

2

)2γeff

rQs ≤ 2 ,

1 − exp
(

−A ln2 (BrQs)
)

rQs > 2 ,

(4)

with effective anomalous dimension defined as

γeff = γs +
1

κλY
ln

(

2

rQs

)

, (5)

1 Here, we neglect the contribution of the Z boson, which can become important only at very large Q2.

4

where Y = ln(1/x) and κ = χ′′(γs)/χ′(γs), with χ being the LO BFKL characteristic function. The second
term (diffusion term) in γeff enhances the anomalous dimension from its value at BFKL γeff → γs to DGLAP
γeff → 1, matching the BFKL region to the color-transparency regime of the DGLAP for small dipole sizes2

(or high virtualities). The scale Qs in Eqs. (4,5), is generally called the saturation scale. For a more precise
definition of the saturation scale, see Sec. III. In the CGC dipole model, the scale Qs is given by

Qs → Qs(x) =
(x0

x

)
λ
2

GeV, CGC model. (6)

The parameters A and B in Eq. (4) are determined uniquely from the matching of the dipole amplitude and its
logarithmic derivatives at rQs = 2:

A = − N2
0 γ

2
s

(1−N0)2 ln(1−N0)
, B =

1

2
(1 −N0)

−
1−N0
N0γs . (7)

We recall that the BK equation predicts geometric scaling behavior [43], namely that the amplitude N (x, r, b)
is not a function of three independent variables, but only of one variable Z = rQs(x, b). For rQs > 2 the
dipole amplitude Eq. (4) has this geometric scaling property [43], while for rQs << 2, approaching the DGLAP
regime, the diffusion term in the anomalous dimension γeff in Eq. (5) violates geometric scaling, as it should.

In the CGC dipole model the amplitude does not depend on impact parameter. Therefore, the integral over
impact-parameter in Eq. (3) is taken as an over-all normalization factor σ0 = 2

∫

d2b, which can be obtained
via a fit to data. The dipole cross-section can then be defined as σqq̄ = σ0N (x, r). In the CGC model, the
parameter κ = 9.9 is fixed at the LO BFKL value [15]. The central fits are obtained at a fixed N0 = 0.7 [13],
and then the other four parameters, namely γs, x0,λ,σ0, are obtained by a fit to the HERA data for the reduced
cross-section, via a χ2 minimization procedure.

Watt, Motyka and Kowalski [13, 14] extended the CGC dipole model by introducing an impact-parameter
dependence of the amplitude, the so-called b-CGC model. Here this dependence enters by introducing a b
dependence in the saturation scale3 Qs in Eq. (4),

Qs → Qs(x, b) =
(x0

x

)
λ
2

exp

{

− b2

4γsBCGC

}

GeV, b-CGC model, (8)

where now the parameter BCGC , instead of σ0 in the CGC dipole model, is a free parameter and is determined
by other reactions, namely the t-distribution of the exclusive diffractive processes at HERA. Following Ref. [13],
in the b-CGC dipole model we let the parameter N0 to be free along with γs, x0,λ, and obtain their values via
a fit to HERA data. In the b-CGC model, the parameters A and B are also given by Eq. (7).

One of the most salient features of the CGC approach is the universality of particle production at small-x, so
that all the complexity of the infinite-body problem at very high energy (or small x) is reduced to a one-scale
problem, the hard saturation scale Qs. This becomes the only dimensional relevant scale at which nonlinear
gluon recombination effects start to become important. In this picture, it is quite natural to expect that the
b-dependence of the scattering amplitude appears via the saturation scale, and that the saturation scale thereby
becomes function not only of x, but also of the size of system or the impact-parameter profile of the system. The
b-CGC dipole model keeps all the features of the CGC dipole model, including its geometric scaling property.

The difference between the b-CGC and the IP-Sat models [14, 17] is illustrated in Fig. 1. Although both
models include saturation effects and depend on impact-parameter, the former is based on the non-linear BK
equation, while the later is based on DGLAP evolution, incorporating the saturation effect via Glauber-Mueller
approximation [14, 17]. Therefore, the underlying dynamics of two models are quite distinct.

2 Notice that the anomalous dimension defined via Eq. (5) is not well-defined as r → 0. However, this limiting case has negligible
contribution to the total cross-section.

3 For simplicity we ignore the angle or orientation dependence of the saturation scale, and assume that it depends only on the
impact-parameter size, see Ref. [44].

3

deep inelastic cross-section can be factorized in the following form [35, 36],

σγ∗p
L,T (Q

2, x) = 2
∑

f

∫

d2r

∫

d2b

∫ 1

0
dz |Ψ(f)

L,T (r, z,mf ;Q
2)|2 N (x, r, b) , (3)

where z is the fraction of the light-front momentum of the virtual photon carried by the quark, and mf is the
quark mass. In Eq. (3), N (x, r, b) is the imaginary part of the forward qq̄ dipole-proton scattering amplitude
with dipole transverse-size r and collision impact parameter b. The first part of the process, γ" splitting to
qq̄ dipole, can be mainly described by QED while the later stage encoded in the dipole amplitude N (x, r, b)
requires physics beyond the standard perturbative QCD, and incorporates higher order gluon emissions and also
the impact-parameter dependence of the collision (see below). The explicit form of light front wave function

Ψ(f)
L,T , for γ

" fluctuations into qq̄ at the lowest order in αEM , can be found in Ref. [37].

For the light quarks, the gluon density is evaluated at x = xBj (Bjorken-x), while for charm quarks we take
x = xBj (1 + 4m2

c/Q
2) [37]. The contribution of the charm quark in the flavor summation of wave functions in

Eq. (3), directly gives the charm structure function F cc̄
2 via Eq. (1).

The reduced cross-section σr is expressed in terms of the inclusive proton structure functions F2 in Eq. (1)
and FL in Eq. (2),

σr
(

Q2, x, y
)

= F2

(

Q2, x
)

− y2

1 + (1− y)2
FL

(

Q2, x
)

,

where y = Q2/(sx) is the inelasticity variable and
√
s denotes the center of mass energy in ep collisions1.

The advantage of the reduced cross-section σr is that it is unbiased towards any theoretical assumption in the
extraction of the structure functions F2 and FL.

B. Impact-parameter dependent color glass condensate dipole model

The common ingredient of the total (and reduced) cross-sections, proton structure functions in DIS, exclusive
diffractive vector meson production and DVCS, is the universal qq̄ dipole-proton forward amplitude. As we will
show in the following sections, the impact-parameter dependence of the dipole amplitude is crucial for describing
exclusive diffractive processes. However, the general practice is that for the total cross-section in DIS as well
as proton structure functions, the effect of the impact-parameter dependence of the dipole amplitude is ignored
and it is effectively incorporated by treating it as an overall normalization. In this way, one can still find a good
fit for the structure functions and total DIS cross-section. However, such a trivial b-dependence leads in general
to a pronounced precocious dip in the t-distribution of vector meson production at rather low or moderate |t|,
which is not supported by the available experimental data from HERA [14, 16].

Iancu, Itakura and Munier [15] proposed a simple dipole model, constructed by smoothly interpolating be-
tween two limiting behaviors which are analytically under control, namely the solution to the BFKL equation
in the vicinity of the saturation line for small dipole sizes, r << 1/Qs, and the Levin-Tuchin solution [38] of
the BK equation deep inside the saturation region for larger dipoles, r >> 1/Qs (see also Refs. [39–42]). This
model is historically called CGC dipole model. Notice that it was recently numerically shown that the JIMWLK
equation indeed leads, to high accuracy, to the Levin-Tuchin formula for the S-matrix close to the unitarity
limit [42]. In the CGC dipole model, the color dipole-proton amplitude is given by,

N (x, r, b) =











N0

(

rQs

2

)2γeff

rQs ≤ 2 ,

1 − exp
(

−A ln2 (BrQs)
)

rQs > 2 ,

(4)

with effective anomalous dimension defined as

γeff = γs +
1

κλY
ln

(

2

rQs

)

, (5)

1 Here, we neglect the contribution of the Z boson, which can become important only at very large Q2.
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their fit to HERA data ....
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FIG. 5: Results for the structure function F2(x,Q
2) as function of x, for various values of Q2, in the b-CGC (solid line)

and the IP-Sat (dashed line) dipole models. In order to separate data for each Q2 from the others, the data and model
results represented by the lines are multiplied by a factor 2n, with n given on the right side of the plot. We used the
parameter set of the b-CGC (in table II) and the IP-Sat models with mc = 1.27 GeV. The experimental data are from
H1 and ZEUS collaborations [33].

bear in mind that in the b-CGC model, because of impact-parameter dependence, we intrinsically incorporate
non-perturbative physics that is not present in the BFKL dynamics.

The saturation scale is a momentum at which the forward dipole-target scattering amplitude N rapidly raises
with decreasing x and the amplitude N becomes sizable, such that non-linear gluon recombination effects start
to become as important as the gluon radiation. Following Refs. [13, 14, 17], we define the saturation scale
Q2

S = 2/r2S, where rS is the saturation radius, as a scale where the dipole scattering amplitude has the value

N (x, rS =
√
2/QS, b) = 1− exp(−1/2) = 0.4. (15)

Notice that in both the CGC and the b-CGC models, the saturation scale QS , defined via Eq. (15), differs
from the scale parameter Qs (with lower subscript s) given in Eqs. (6,8), although they are closely related.
It is important to note that the saturation scale does not have a unique definition, and in literature different
definitions for extracting QS can be found. Nevertheless, the definition in Eq. (15) gives a useful baseline to
compare relative magnitude of saturation scale in different models.

In Fig. 2, we compare the saturation scales extracted from the b-CGC model using the old parameters of
Ref. [13] and with the new parameters obtained in this paper, as a function of 1/x at various impact parameters
b. It is clear that the saturation scales extracted from the old and the new combined data from HERA are
different, and this difference becomes more sizable at very small x. This is mainly due to the different power-law

differences 
mainly in 

ultra-small x 
region 

high Q2  
behavior 

fixed by data
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CGC-dipole model: DIS on proton

• ttt
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The proton structure function FL

• effects stronger, even 
for x > 10-4 

• dipole fit less 
constrained by data
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The same for the IPSat fit
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bCGC: Nuclear effects through Qs2  →	 A1/3Qs2

• initial conditions converge 
slowly to zero at x=1

• relative difference not as 
big as naively expected
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• differences again more 
significant for FL

• relative difference again 
close to proton case

bCGC: Nuclear effects through Qs2  →	 A1/3Qs2
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Summary & Outlook

• Method works & can in principal be applied to 
phenomenology

• To be done: heavy flavors

• Application: 

★quantify size of non-linear effects through 
deviations from physical evolution

★First example: saturation models

★Running coupling
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